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ABSTRACT

In this paper, we define weakly Iαĝ - closed sets and weakly Iαĝ - continuity in ideal topological

spaces. Also we discuss the relationships between the other existing sets and study some of their

properties. 2010 AMS Mathematical Subject Classification: 54A05
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1. INTRODUCTION

The first step of generalizing closed sets was done by Levine in 1970 [15]. He defined a subset A of a

topological spaces (X, τ) to be g- closed if its closure belongs to every open superset of A. As the weak

form of g- closed sets, the notion of weakly g-closed sets was introduced and studied by Sundaram and

Nagaveni [22], Sundaram and Pushpalatha [21] introduced and studied the notion of strongly g-closed

sets, which is implied by that of closed sets and implies that of g- closed sets in topological space. In

this paper, we define weakly Iαĝ - closed sets and weakly Iαĝ - continuity in ideal topological spaces.

Also we discuss the relationships between the other existing sets and study some of their properties.

In 1992, Abd El-Monsef et.al.[2] introduced and studied the notion of I - continuity in ideal topolog-

ical spaces and showed that the concepts of continuity and I - continuity are independent of each other.

In 2002, Hatir et.al.[9] introduced and investigated the notions of semi - I - continuity, α - I - continuity

in ideal topological spaces. Acikgoz et al[5] introduced the notion of α − I-continuous and α − I-open

functions. Keskin et.al.[13], in 2004, introduced and studied the notion of A-continuity which is weaker

than the notion of continuity. In the same year Acikgoz et.al.[5] introduced and investigated the notions

of weakly - I - continuity and weak ∗ - I - continuity which are idependent of each other.

2. PRELIMINARIES

We recall the following definitions,which are the useful in the sequel .

Definition 2.1. [14] Let (X, τ) be an topological space with no separation axioms assumed. If G ⊆ X,

cl(G) (or) c(G) and int(G) (or) i(G) will respectively, denote the closure and interior of G in (X, τ)

and is defined as
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(i) i(G) =
⋃
{open sets contained in G}

(ii) c(G) =
⋂
{cloesd sets containing G}

Definition 2.2. A subset G of an topological space (X, τ) is said to be

1. α - open [3], if G ⊆ int(cl(int(G))),

2. semi - open [14], if G ⊆ cl(int(G)),

3. pre - open [16], if G ⊆ int(cl(G)).

4. g - closed [16], if cl(G) ⊆ H whenever G ⊆ H and H is open in (X, τ),

5. ĝ - closed [23], if cl(G) ⊆ H whenever G ⊆ H and H is semi - open in (X, τ),

6. αg - closed [18], if αcl(G) ⊆ H whenever G ⊆ H and H is open in (X, τ),

7. αĝ - closed [1], if αcl(G) ⊆ H whenever G ⊆ H and H is ĝ - open in (X, τ).

Definition 2.3. A function f : (X, τ)→ (Y, σ) is said to be

1. g - continuous [6], if f−1(V ) is g - closed in (X, τ) for every closed set V in (Y, σ),

2. ĝ - continuous [24], if f−1(V ) is ĝ - closed in (X, τ) for every closed set V in (Y, σ),

3. αg - continuous [18], if f−1(V ) is αg - closed in (X, τ) for every closed set V in (Y, σ),

4. αĝ - continuous [1], if f−1(V ) is αĝ - closed in (X, τ) for every closed set V in (Y, σ),

Definition 2.4. [11] An ideal I on a topological space (X, τ) is a non empty collection of subsets of

X which satisfies the following properties.

(i) A ∈ I and B ⊆ A implies B ∈ I

(ii) A ∈ I and B ∈ I implies A
⋃
B ∈ I. An ideal topological space is a topological space (X, τ) with

an ideal I on X and is denoted by (X, τ, I).

For a subset A ⊆ X, A∗(I, τ) = {x ∈ X : A
⋂
U /∈ I for every U ∈ τ(X,x)} is called the local function

of A with respect to I and τ .

A Kurtowski closure operator cl∗(.) for a topology τ∗(I, τ) called the *-topology [12] and finer then τ is

defined by cl∗(A) = A
⋃
A∗(X, I). when there is no change for confusion, we will simply write A∗ for

A∗(I, τ) and τ∗ for τ∗(I, τ).

Definition 2.5. A subset G of an ideal topological space (X, τ, I) is said to be

1. α - I - open [9], if G ⊆ int(cl∗(int(G))),

2. semi - I - open [9], if G ⊆ cl∗(int(G)),

3. pre - I - open [7], if G ⊆ int(cl∗(G)).

Definition 2.6. A subset G of an ideal topological space (X, τ, I) is said to be
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1. Iαg - closed [20], if αIcl(G) ⊆ H whenever G ⊆ H and H is open in (X, τ, I),

2. Igα - closed [20], if αIcl(G) ⊆ H whenever G ⊆ H and H is α - open in (X, τ, I),

3. Isg - closed [19], if sIcl(G) ⊆ H whenever G ⊆ H and H is semi - open in (X, τ, I),

4. Igs - closed [19], if sIcl(G) ⊆ H whenever G ⊆ H and H is open in (X, τ, I),

5. Ig - closed [18], if G∗ ⊆ H whenever G ⊆ H and H is open in (X, τ, I),

6. Iĝ - closed [4], if G∗ ⊆ H whenever G ⊆ H and H is semi - open in (X, τ, I),

7. Iwgα - closed [10], if αIcl(int(G)) ⊆ H whenever G ⊆ H and H is α - open in (X, τ, I),

8. Iwαg - closed [10], if αIcl(int(G)) ⊆ H whenever G ⊆ H and H is open in (X, τ, I).

Definition 2.7. A function f : (X, τ, I)→ (Y, σ) is said to be

1. Iαg - continuous [20], if f−1(V ) is Iαg - closed in (X, τ, I) for every closed set V in (Y, σ),

2. Igα - continuous [20], if f−1(V ) is Igα - closed in (X, τ, I) for every closed set V in (Y, σ),

3. Isg - continuous [19], if f−1(V ) is Isg - closed in (X, τ, I) for every closed set V in (Y, σ),

4. Igs - continuous [19], if f−1(V ) is Igs - closed in (X, τ, I) for every closed set V in (Y, σ),

5. Ig - continuous [18], if f−1(V ) is Ig - closed in (X, τ, I) for every closed set V in (Y, σ),

6. Iĝ - continuous [4], if f−1(V ) is Iĝ - closed in (X, τ, I) for every closed set V in (Y, σ),

7. Iwgα - continuous [10], if f−1(V ) is Iwgα - closed in (X, τ, I) for every closed set V in (Y, σ),

8. Iwαg - continuous [10], if f−1(V ) is Iwαg - closed in (X, τ, I) for every closed set V in (Y, σ).

3. Iwαĝ - CLOSED SETS

In this section, we define wαĝ - closed sets in ideal topological spaces.

Definition 3.1. A subset G of an ideal topological space (X, τ, I) is called Iwαĝ - closed if αIc(i(G)) ⊆

H whenever G ⊆ H and H is ĝ - open in (X, τ, I). The complement of Iwαĝ - closed set in (X, τ, I) is

called Iwαĝ - open set in (X, τ, I).

Theorem 3.2. (i) If G is closed set in (X, τ, I), then G is Iwαĝ - closed set in (X, τ, I).

(ii) Let (X, τ, I) be an ideal space. Then each αg - closed set in X is Iwαĝ - closed set.

(iii) If G is αĝ - closed set in (X, τ, I), then G is Iwαĝ - closed set in (X, τ, I).

(iv) Let (X, τ, I) be an ideal space. Then each α-I - closed set in X is Iwαĝ - closed set.

(v) If G is Ig - closed set in (X, τ, I), then G is Iwαĝ - closed set in (X, τ, I).

(vi) Let (X, τ, I) be an ideal space. Then each Iαĝ - closed set in X is Iwαĝ - closed set.

Proof: (i) Let G be an closed set in X. Let H be an ĝ - open set. Such that G ⊆ H. Since G is closed,

We have c(G) = G ⊆ H. But αIc(i(G)) ⊆ c(G) ⊆ H. Therefore αIc(i(G)) ⊆ H. Hence G is an Iwαĝ -

closed set. Proof of (ii) to (vi) is obvious.
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Remark 3.3. The converse of the above theorem need not be true as seen from the following examples.

Example 3.4. (i) Let X = {1, 2, 3}, τ = {X,φ, {1}, {2, 3}} and I = {φ, {3}}. We have τ c =

{φ,X, {2, 3}, {1}} and Iwαĝ - closed set={X,φ, {2}, {3}, {1, 2}, {2, 3}, {1, 3}}. Here {1, 2} is Iwαĝ -

closed set but not in τ c.

(ii) Let X = {1, 2, 3}, τ = {X,φ, {2}, {1, 2}, {2, 3}} and I = {φ, {1}, {2}, {1, 2}}. We have αg -closed

set={X,φ, {1}, {3}, {1, 3}} and Iwαĝ - closed set={X,φ, {1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}}. Here {1, 2}

is Iwαĝ - closed set but not αg - closed set.

(iii) Let X = {1, 2, 3}, τ = {X,φ, {1}, {2, 3}} and I = {φ, {3}}. We have αĝ -closed set={X,φ, {1}, {2, 3}

} and Iwαĝ - closed set={X,φ, {1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}}. Here {1, 2} is Iwαĝ - closed set but

not αĝ - closed set.

(iv) Let X = {1, 2, 3}, τ = {X,φ, {1}, {1, 2}} and I = {φ, {3}}. We have α-I - closed set={X,φ, {2}, {3}

, {2, 3}} and Iwαĝ - closed set={X,φ, {2}, {3}, {2, 3}, {1, 3}}. Here {1, 3} is Iwαĝ - closed set but not

α-I - closed set.

(v) Let X = {1, 2, 3}, τ = {X,φ, {2}, {1, 2}} and I = {φ, {2, 3}}. We have Ig -closed set={X,φ, {3}, {2,

3}, {1, 3}} and Iwαĝ - closed set={X,φ, {1}, {3}, {2, 3}, {1, 3}}. Here {1} is Iwαĝ - closed set but not

Ig - closed set.

(vi) Let X = {1, 2, 3}, τ = {X,φ, {1}, {2, 3}} and I = {φ, {3}}. We have Iαĝ - closed set={X,φ, {1}, {2, 3

}} and Iwαĝ - closed set={X,φ, {1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}}. Here {1, 2} is Iwαĝ - closed set but

not Iαĝ - closed set.

Theorem 3.5. In an ideal topological space (X, τ, I),the Union of two Iwαĝ -closed sets is an Iwαĝ

-closed set.

Proof: Let C and D be any two Iwαĝ -closed set in (X, τ, I). Such that C
⋃
D ⊆ H where H is any

open set in (X, τ, I). Then C ⊆ H and D ⊆ H. Since C and D are Iαĝ -closed sets in (X, τ, I),

αIc(i(C)) ⊆ H and αIc(i(D)) ⊆ H. Always αIc(i(C
⋃
D)) = αIc(i(C))

⋃
αIc(i(D)). Therefore

αIc(i(C
⋃
D)) ⊆ H. Thus C

⋃
D is an Iwαĝ -closed set in (X, τ, I).

Example 3.6. Let X = {1, 2, 3}, τ = {X,φ, {1}, {1, 2}} and I = {φ, {3}}. We have Iwαĝ - closed set

= {X,φ, {2}, {3}, {2, 3}, {1, 3}}. Let C = {3} is Iwαĝ -closed set and D = {2, 3} is Iwαĝ -closed set,

then C
⋃
D = {3}

⋃
{2, 3} = {2, 3} is also Iwαĝ -closed set.

Remark 3.7. The Intersection of two Iwαĝ -closed set need not be Iwαĝ -closed.

Example 3.8. Let X = {1, 2, 3}, τ = {X,φ, {2}} and I = {φ, {1, 3}}. We have Iwαĝ - closed set =

{X,φ, {1}, {3}, {1, 2}, {2, 3}, {1, 3}}. Let C = {1, 2} is Iwαĝ -closed set and D = {2, 3} is Iwαĝ -closed

set, then C
⋂
D = {1, 2}

⋂
{2, 3} = {2} is not a Iwαĝ -closed set.
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Definition 3.9. A subset G of an topological space (X, τ) is called wαĝ - closed if αc(i(G)) ⊆ H

whenever G ⊆ H and H is ĝ - open in (X, τ).The complement of wαĝ - closed set in (X, τ) is called

wαĝ - open set in (X, τ).

Proposition 3.10. Every Iwαĝ - open set is an wαĝ - open set.

Proof: Let G be an Iwαĝ - open set in (X, τ, I). Then we have, G ⊆ αIi(c(G)) whenever H ⊆ G and

H is ĝ - closed in (X, τ, I). = G
⋂
i(c∗(i(c(G)))) ⊆ i(c(i(c(G)))) = αi(c(G)) Thus shows that G is wαĝ

- open.

Remark 3.11. The following diagram shows that the relationship of Iwαĝ - closed sets with some other

sets discussed in this section.

[1]. Closed [2]. α− I - closed [3]. α - closed [4]. Iαg - closed [5]. αg - closed

[6]. Iαĝ - closed [7]. αĝ - closed. [8] Iwαĝ - closed [9] wαĝ - closed.

None of the implications are reversible.

4. Iwαĝ - CONTINUOUS AND Iwαĝ - IRRESOLUTE FUNCTIONS

In this section, we introduce wαĝ - continuity and wαĝ - irresolute functions in ideal topological spaces.

Definition 4.1. A function f : (X, τ, I)→ (Y, σ) is said to be Iwαĝ - continuous, if f−1(V ) is Iwαĝ -

open in (X, τ, I) for every open set V in (Y, σ).

Remark 4.2. If I = {φ}, in Definition 4.1,then the notion of Iwαĝ - continuity coincides with the

notion of wαĝ - continuity.

Definition 4.3. A function f : (X, τ,I1)→ (Y, σ,I2) is said to be Iwαĝ - irresolute, if f−1(V ) is Iwαĝ

- open in (X, τ, I1) for every Iwαĝ - open set V in (Y, σ, I2).

International Journal of Scientific Research and Review

Volume 7, Issue 7, 2018

ISSN NO: 2279-543X

http://dynamicpublisher.org/138

ssc
Textbox



6

Theorem 4.4. (i) Every continuous function is Iwαĝ - continuous.

(ii) Every αg - continuous function is Iwαĝ - continuous.

(iii) Every αĝ - continuous function is Iwαĝ - continuous.

(iv) Every α - I - continuous function is Iwαĝ - continuous.

(v) Every Ig - continuous function is Iwαĝ - continuous.

(vi) Every Iαĝ - continuous function is Iwαĝ - continuous.

Proof: (i) Let f : (X, τ, I)→ (Y, σ) be an continuous function and V be any open set in (Y, σ). Then

f−1(V ) is open in (X, τ, I) as f is continuous. Since every open set is Iwαĝ - open, f−1() is Iwαĝ -

open in (X, τ, I). Therefore f is Iwαĝ - continuous. Proof of (ii) to (vi) is obvious.

Remark 4.5. The converse of the above theorem need not be true as seen from the following examples.

Example 4.6. (i) Let X = Y = {1, 2, 3}, τ = {X,φ, {2}, {1, 2}}, σ = {Y, φ, {1}} and I = {φ, {2, 3}}.

Let f : (X, τ, I)→ (Y, σ) be the identity function. Then f is Iwαĝ - continuous but not continuous.

(ii) Let X = Y = {1, 2, 3}, τ = {X,φ, {2}, {1, 2}, {2, 3}}, σ = {Y, φ, {3}} and I = {φ, {1}, {2}, {1, 2}}.

Let f : (X, τ, I)→ (Y, σ) be defined by f(1) = 2, f(2) = 1, f(3) = 3, then f is Iwαĝ - continuous but not

αg - continuous.

(iii) Let X = Y = {1, 2, 3}, τ = {X,φ, {2}, {1, 2}, {2, 3}}, σ = {Y, φ, {1, 3}} and I = {φ, {1}, {2}, {1, 2}}.

Let f : (X, τ, I)→ (Y, σ) be the identity function. Then f is Iwαĝ - continuous but not αĝ - continuous.

(iv) Let X = Y = {1, 2, 3}, τ = {X,φ, {2}, {1, 2}, {2, 3}}, σ = {Y, φ, {1, 3}} and I = {φ, {1}, {2}, {1, 2}}.

Let f : (X, τ, I)→ (Y, σ) be the identity function. Then f is Iwαĝ - continuous but not αĝ - continuous.

(v) Let X = Y = {1, 2, 3}, τ = {X,φ, {1}, {1, 2}}, σ = {Y, φ, {1, 3}} and I = {φ, {3}}. Let

f : (X, τ, I) → (Y, σ) be defined by f(1) = 3, f(2) = 2, f(3) = 1, then f is Iwαĝ - continuous but

not Ig - continuous.

(vi) Let X = Y = {1, 2, 3}, τ = {X,φ, {1}, {2, 3}}, σ = {Y, φ, {1, 3}} and I = {φ, {3}}. Let

f : (X, τ, I) → (Y, σ) be defined by f(1) = 3, f(2) = 2, f(3) = 1, then f is Iαĝ - continuous but

not Iαĝ - continuous.

Theorem 4.7. If a map f : (X, τ, I1)→ (Y, σ, I2) is α− I - irresolute then it is Iwαĝ - continuous.

Proof: Assume that f : (X, τ, I1) → (Y, σ, I2) is α−I - irresolute. Let V be any open set in (Y, σ, I2).

Then V is α−I - open in (Y, σ, I2). Since f is α−I - irresolute, f−1(V ) is α−I - open in (X, τ, I1).

Since every α− I - open set is Iwαĝ - open, f−1(V ) is Iwαĝ - open is (X, τ, I1). Therefore f is Iwαĝ -

continuous.

Theorem 4.8. Let f : (X, τ, I1) → (Y, σ, I2) and g : (Y, σ, I2) → (z, η, I3) are Iwαĝ - irresolute then

gof : (X, τ, I1)→ (Z, η, I3) is Iwαĝ - irresolute.

Proof: Let g be an Iwαĝ - irresolute function and V be any Iwαĝ - open in (Z, η, I3), then f−1(V )

is Iwαĝ - open in (Y, σ, I2). Since f is Iwαĝ irresolute, f−1(g−1(V )) = (gof)−1(V ) is Iwαĝ - open in

(X, τ, I1). Hence gof is Iwαĝ - irresolute.
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Theorem 4.9. Let f : (X, τ, I) → (Y, σ) is Iwαĝ - continuous and g : (Y, σ) → (Z, η) is continuous,

then gof : (X, τ, I)→ (Z, η) is Iwαĝ - continuous.

Proof: Let g be a continuous function and V be any open set in (Z, η), then f−1(V ) is open in (Y, σ).

Since f is Iwαĝ - continuous f−1(g−1(V )) = (gof)−1(V ) is Iwαĝ - open in (X, τ, I). Hence gof is Iwαĝ

- continuous.

Theorem 4.10. A map f : (X, τ, I)→ (Y, σ) is Iwαĝ - continuous if and only if the inveres image of

every closed set is (Y, σ) is Iwαĝ - closed in (X, τ, I).

Proof: Let V be a closed set in (Y, σ). Then V c is open in (Y, σ). Since f is Iwαĝ - continuous,

f−1(V c) is Iwαĝ - open in (X, τ, I). But f−1(V c) = X − f−1(V ). Hence f−1(V ) is Iwαĝ - closed in

(X, τ, I).

Conversely, assume that the inverse image of every closed set in (Y, σ) is Iwαĝ - closed in (X, τ, I).

Let V be a closed set in (Y, σ), then V c is closed in (Y, σ). By our assumption f−1(V c) = X−f−1(V ) is

Iwαĝ - closed in (X, τ, I) which implies that f−1(V ) is Iwαĝ in (X, τ, I). Hence f is Iwαĝ - continuous.

Theorem 4.11. Let f : X → Y be a map .Then the following statements are equivalent:

(i) f is Iwαĝ - continuous.

(ii) The inverse image of each open set in Y is Iwαĝ - open in X.

Proof: Assume that f : X → Y is Iwαĝ - continuous. Let G be open in Y. The Gc is closed in Y.

Since f is Iwαĝ - continuous, f−1(Gc) is Iwαĝ - closed in X. But f−1(Gc) = X-f−1(G). Thus f−1(G)

is Iwαĝ - open in X.

Conversely assume that the inverse image of each open set in Y is Iwαĝ - open in X. Let F be any

closed set in Y. By assumption c is Iwαĝ - open in X. But f−1(F c) = X-f−1(F ). Thus X-f−1(F ) is

Iwαĝ - open in X and so f−1(F ) is Iwαĝ - closed in X. Therefore f is Iwαĝ - continuous. Hence (i) and

(ii) are equivalent.

Theorem 4.12. Let f : (X, τ, I1)→ (Y, σ, I2) and g : (Y, σ, I2)→ (Z, η, I3) be any two functions. Let

h = gof . Then the following hold

(i) h is Iwαĝ - continuous if f is Iwαĝ - irresolute and g is Iwαĝ - continuous,

(ii) h is Iwαĝ - continuous if g is continuous and f is Iwαĝ - continuous.

Proof: Let V be closed in Z.

(i) Suppose f is Iwαĝ - irresolute and g is Iwαĝ - continuous. Since g is Iwαĝ - continuous. g−1(V ) is

Iwαĝ - closed in Y. since f is Iwαĝ - irresolute, by definition, f−1(g−1(V ) is Iwαĝ - closed in X. Hence

h is Iwαĝ - continuous.

(ii) Let g be continuous and f be Iwαĝ - continuous. Then g−1(V ) is closed in Y. Since f is Iwαĝ -

continuous, using the definition, f−1(g−1(V )) is Iwαĝ - closed in X. Hence h is Iwαĝ - continuous.
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